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Abstract 

We consider time delay and symmetrised time delay (defined in terms of sojourn 
times) for quantum scattering pairs {Ho = h(P),H}, where h(P) a dispersive oper- 
ator of hypoelliptic-type. For instance h(P) can be one of the usual elliptic operators 
such as the Schrodinger operator h(P) = P 2 or the square-root Klein-Gordon oper- 
ator h(P) — s/l + P 2 . We show under general conditions that the symmetrised time 
delay exists for all smooth even localization functions. It is equal to the Eisenbud- 
Wigner time delay plus a contribution due to the non-radial component of the local- 
ization function. If the scattering operator S commutes with some function of the ve- 
locity operator Vh(P), then the time delay also exists and is equal to the symmetrised 
time delay. As an illustration of our results we consider the case of a one-dimensionnal 
Friedrichs Hamiltonian perturbed by a finite rank potential. 

Our study put into evidence an integral formula relating the operator of differen- 
tiation with respect to the kinetic energy h(P) to the time evolution of localization 
operators. 

1 Introduction and main results 

One can find a large literature on the identity of Eisenbud-Wigner time delay and time 
delay in quantum scattering defined in terms of sojourn times (see (3] [7] [8] [T2] [19] [23] 
I3J EQl Ell |32l |33l [3U |38l [39j HE) and references therein). However, most of the papers 
treat scattering processes where the free dynamics is given by some Schrodinger operator. 
The mathematical articles where different scattering processes are considered (such as 
l|23ll30l[3Tl[3~8l ) only furnish explicit applications in the Schrodinger case. The purpose of 
the present paper is to fill in this gap by proving the existence of time delay and its relation 
to Eisenbud-Wigner time delay for a general class of dispersive quantum systems. Using a 
symmetrization argument introduced in OUT] 04] for ./V-body scattering, and rigorously 
applied in |[5] [17] [29] [46] [47], we shall treat any scattering process with free dynamics 
given by a regular enough pseudodifferential operator of hypoelliptic-type. 
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Given a real euclidean space X of dimension d > 1, we consider in Ti(X) := L 2 (X) 
the dispersive operator Hq := h(P), where h : X — > R is some hypoelliptic function 
and P = (Pi, . . . , Pd) is the vector momentum operator in Ti(X). We also consider a 
selfadjoint perturbation P of Po sucn that the wave operators W± := s- lim c ! * H e~ ltH ° 
exist and are complete (so that the scattering operator S := W+W- is unitary). We define 
the usual time delay and the symmetrised time delay for the quantum scattering system 
{Po,P} as follows. Take a function / G L°°(X) decaying to zero sufficiently fast at 
infinity, and such that / = 1 on some bounded neighbourhood E of the origin. Define for 
r > and some state p G H(X) the numbers 

T r °(p) := f dt (e~ itH ° <p, f(Q/r) e"^" <p) 

and 

T r {p>) := / dt(e- itH W-<p,f(Q/r)e- itH ' W- V ) , 

JR 

where Q = (Qi, . . . , Qd) is the vector position operator in 7i(X). The operator f(Q/r) 
is approximately the projection onto the states of Ti{X) localized in rS := {i e I 
x/r G £}. So, if f is normalised to one, T^(ip) can be roughly interpreted as the time 
spent by the freely evolving state e~ ltH ° ip inside the region r£. Similarly T r (ip) can be 
roughly interpreted as the time spent by the associated scattering state e~ ltH W-<p inside 
rS. In consequence 

t^) :=T r (^)-T r V) 

is approximately the time delay in r£ of the scattering process {Hq, H} with incoming 
state ip, and 

r r (p) ^T r {p)~\[T° r ^) + T° r {Sp)] 

is the corresponding symmetrized time delay. 

In the case of the Schrodinger operator (h(x) = x 2 ) it is known that the existence 
(and the value) of T r n (cp) and r r (p) as r — > oo depend on the choice of the localization 
function /. The limit lirn^oo T r n (tp) does exist only if / is radial, in which case it is equal 
to Eisenbud-Wigner time delay l43l . On another hand it has been shown in ifTTl that the 
limit linv^oo T r (tp) does exist for all characteristic functions / = xs with S = — S 
regular enough. In such a case the limit lirrv^oo r r (ip) is the sum of the Eisenbud-Wigner 
time delay plus a term depending on the boundary <9£ of E. 

Our goal in this paper is to present a unified picture for these phenomena by treat- 
ing all scattering pairs {Po = h(P), P}, with h in some natural class of hypoelliptic 
functions containing h(x) = x 2 as a particular case (see Assumptions 14.6b . In Section 
|U Theorem 14.31 we prove under general assumptions on P and <p the existence of the 
symmetrised time delay for all smooth even functions /. We show that 

lim t t ((p) = \ (p, S* [A f ,S]p) , 

r— >oa 

where Af is some explicit operator depending on h and / defined in Section [3] If / is 
radial, then Af reduces in some sense to the operator A = —2i df ^ P) , and linir^oo r r (p) 
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is equal to Eisenbud-Wigner time delay. So, if Hq is purely absolutely continuous and the 
scattering matrix 5(A) is strongly continuously differentiable in the spectral representa- 
tion of Hq, then 



where ^/ : Ti(X) — > J^^^dXHx is a spectral transformation for Hq (see Remark 
14.41 for a precise statement). If / is not radial, the limit linv^oo T r (ip) is the sum of 
the Eisenbud-Wigner time delay and the contribution of the non-radial component of the 
localization function / (see Remark |43T >. In Theorem l4.8l we show that the free sojourn 
times Tf(ip) and Tf(S<p) before and after the scattering satisfy 



if the scattering operator 5 commutes with some appropriate function of the velocity 
operator h'(P) = \7h(P). Under this circumstance the usual time delay lim r _K XJ T™(yj) 
also exists and is equal to linv^oo r r (ip) (see Theorem |4.10| i. In Corollary |4.11| we exhibit 
two classes of functions h for which the commutation assumption is satisfied. Basically, 
these two classes of functions are the radial functions and the polynomials of degree 1. 
So, in particular, our results cover and shed a new light on the case of the Schrodinger 
operator h (x ) = x 1 . 

In Section [5] we consider as an illustration of our approach the simple, but instruc- 
tive, case of the one-dimensionnal Friedrichs Hamiltonian Hq = Q (Hq is of the form 
h(P) after a Fourier transformation). We verify all the assumptions of Section|4]when H 
is a regular enough finite rank perturbation of Hq. The main difficulty consists in showing 
(as in the Schrodinger case Il4l l26ll ) that the scattering operator maps some dense set into 
itself. Essentially this reduces to proving that the scattering matrix S(x) is sufficiently 
differentiable on K \ a pp (H), which is achieved by proving a stationary formula for S(x) 
and by using higher order commutators methods (see Lemmas |5 .9115 . 1 21 ) . All these results 
are collected in Theorem |5.141 where the formula 



is proved for finite rank perturbations. Some comments on the relation between Equation 
d 1 .2b and the Birman-Krein formula are given in Remark \5J\ The differentiability prop- 
erties of the restriction operator appearing in the expression for 5(x) are recalled in the 
appendix. 

Virtually our technics may be applied to many physical examples such as the square- 
root Klein Gordon operator, the Klein-Gordon equation, the Pauli operator, or the Dirac 
operator. We hope that these cases will be considered in future publications. 

Let us note that our approach relies crucially on the proof in Section|3]of the integral 
formula 




(1.1) 



lim [T r °(5^ - T r V)] = 




(1.2) 




lim / dt (<p, \ e Hh ^ f(Q/r) e-^( p > - c 



HP) f(Q/r)e 



W]<p) = (<p,A f <p). 



(1-3) 



3 



The proof of ( 11.3b relies in some sense on the equation 

e ith(P) j^Q^ e -ith(P) _ ff Q+th'(P) ^ 

which replaces the Alsholm-Kato formula 0] Eq. (2.1)] 

e itP 2 j(Q_^ e -itP 2 _ e -iQ 2 /2t f(tP\ e iQ 2 /2t 

of the Schrodinger case. We think that Formula ( 11.31 ) is interesting on its own, since it 
relates (when / is radial) the time evolution of the localization operator f(Q/r) to the 
operator of differentiation with respect to the kinetic energy h(P). 

As a final comment, we would like to emphasize that this paper shows that the 
Eisenbud-Wigner operator —iS(X)* dS Jd is the on-shell value of a time delay operator 
(symmetrised or not), not only for Schrodinger-type scattering systems, but for a large 
class of scattering pairs {H , H}. This was not so clear from the very beginning. 

We finally mention the papers lfT0ll45l for recent works on time delay. 



2 Averaged localization functions 

In this section we collect results on a class of averaged localization functions which ap- 
pears naturally when dealing with quantum time delay. We start by fixing some notations 
which will be freely used throughout the paper. 

We write | • | for the norm in X, set (•} := (1 + | ■ I 2 ) 1 / 2 , and use da; := (27r) _d / 2 dx 
as measure on X (dx is the usual euclidean measure on X). We denote by x • y the 
scalar product of x, y G X. Sometimes we identify X with IR'' by choosing in X an 
orthonormal basis V := {vi, ■ ■ ■ , v d }. Given a function g G C 1 (X; C), we write g'{x) 
for the derivative of g at x, i.e. g(x + h) — g(x) + h ■ g'(x) + o(\h\) for h G X with 
\h\ sufficiently small. For higher order derivatives, we use the multi-index notation. A 
multi-index a is a d-tuple (a.\, . . . , ad) of integers ctj > such that 

\a\ := ai + . . . + ad, a! := ai • • • ay, d a := d" 1 . . . d^ d , 

and 

x a := x" 1 ■■■ x a d d if x = x-iVx H x d v d G X (xj G R). 

The Hilbert space H(X) = \- 2 (X) is endowed with its usual norm || ■ || and scalar product 
{•,•). The j-th components of P and Q with respect to V act as (Pjip)(x) := —i(djip)(x) 
and (Qj<p)(x) := xjLp(x) in H(X). 

Assumption 2.1. The function f G L°°(X) satisfies the following conditions: 

(i) There exists p > such that < Const. {x)~ p for a.e. x G X. 

( ii) f = 1 on a bounded neighbourhood of 0. 
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It is clear that s-lirrv-xx, f(Q/r) = 1 if / satisfies Assumption 12. II Furthermore, 
one has for each x 6 X \ {0} 

r^[/(^)- X[0 ,i](M)] < / ^\f{nx)-l\ + Const. /" +0 °d//M- (1+p) <oo. 
Jo l l Jo p Ji 

Therefore the function _R^:X\{0}^C given by 

:= / — [/O^) - X[o,i](m)] 
Jo M 

is well-defined (see fT7] Sec. 2] and l47l Sec. 2] for a similar definition). 

In the next lemma we establish some differentiability properties of Rf, The symbol 
S^[X) stands for the Schwartz space on X. 



Lemma 2.2. Let f satisfy Assumption \2.1\ Then 

(a) For all j £ {1, 2, . . . , d} and x € X, assume that (djf)(x) exists and satisfies 
\(djf)(x)\ < Const, (x) ( 1+p \ Then Rf is differentiable on X \ {0}, and its 
derivative is given by 



R' f (x) = / dfif'(fxx). (2.1) 
Jo 

Moreover, R f belongs to C°°(X \ {0}) iff £ .Y(X). 

(b) Assume that Rf belongs to C m {X \ {0})for some m > 1. Then one has for each 
X 6 X \ {0} and t > the homogeneity properties 

x-R' f (x) = -l, (2.2) 
t\ a \(d a R f )(tx) = (d a R f )(x), (2.3) 

where a is a multi-index with 1 < \a\ < m. 

(c) Assume that f is radial, i.e. there exists /o € L°°(R) such that f(x) = fa(\x\) for 
a.e. x e X. Then Rf belongs to C°°(X \ {0}), and R' f (x) = -x~ 2 x. 

Proof, (a) The claim is a consequence of standard results on differentation under the 
integral (see e.g. 11281 Chap. 13, Lemma 2.2]). 

(b) Let x S X \ {0} and t > 0. Then one has 



R f {tx) = I — [f(fdx) - X[o,i](n)] 
Jo P 



11 [/(/*) - X[o,i]0)] + [ ^7 [X[o,i](M) - X[o,t]G")] 



M Jo M 

= R f (x)-hit, (2.4) 

and the claim follows by taking derivatives with respect to t and x. 
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(c) For x € X \ {0}, one gets 

R fo (l) = R f (x) +]n\x\, 
by putting t = in Equation j2.4j . This implies the claim. □ 
In the sequel we shall also need the function Ff : X \ {0} — > C defined by 

F f {x) := / dfif(fix). 

The function Ff satisfies several properties as Rf. Here we only note that Ff is well- 
defined if / satisfies Assumption ^. l| (i) with p > 1, and that 

F f (x) =tF f (tx) for each t > and each a; G X\{0}. (2.5) 

Physically, if p G R d and / > 0, then the number Ff (p) = J dt f(tp) can be seen as the 
sojourn time in the region defined by the localization function / of a free classical particle 
moving along the trajectory R 3 1 1— > x(t) := tp. 

3 Integral formula for H = h(P) 

Given a function h G C 1 (X; M), we denote by n(h) the set of critical values of h, i.e. 

n(h) := {A £ K | 3x G X such that h(x) = A and h'(x) = 0}. 

The size and the topology of kQi) depends on the regularity and the behaviour of the 
function h. Here we only recall some properties of n(h) (see J2] Sec. 7.6.2] for more 
details): 

1. Hq = h(P), whose spectrum is <t(Hq) = h(X), has purely absolutely continuous 
spectrum in a(Ho) \ n(h). 

2. Ho is purely absolutely continuous if h~ 1 (K(h)) has measure zero. 

3. k{K) has measure zero if h G C d (X; R), with d > 1 the dimension of X. 

4. kQi) is finite if h is a polynomial. 

5. n(h) is closed if \h(x) \ + \h'(x)\ — ► oo as |x| — > oo. 

Assumption 3.1. The function h : X — > R ;s of class C m for some m > 2, and satisfies 
the following conditions: 

(i) \h(x)\ — ■> oo as \x\ — > oo. 

W E W < m l(^/i)(x)| < Const. (l + |^)l)- 
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For each s, t G K, we denote by Hf(X) the usual weighted Sobolev space over X, 
namely the completion of S^(X) for the norm ||^||h s (x) : = II (P) s (Q) t( p\\- We also set 
U S {X) := H S (X) and U t {X) := H° t {X), and for each t > we define 

®°(X) ~ {ip G Ht(X) | r)(h(P))ip = ip for some r\ e C C °°(R\ «(&))}• 

The set (X) is included in the subspace 7i ac (Ho) of absolute continuity of Ho, 2>t (X) 
is dense in H(X) if /i" 1 (kQi)) has measure zero, and ^ (X) c S> t ° 2 (X) if h > t 2 . 

Lemma 3.2. Let f satisfy Assumption \2.1\ assume that R f belongs to C 2 (X \ {0}), and 
let h satisfy Assumption \3.1\ Then the operator given by the formal expression 

A f :=Q ■ R' f (h'(P)) + R' f (h'(P)) ■ Q (3.6) 

is well-defined on @>i(X). In particular {Af,@®(X)} is symmetric if f is real and 
h~ l (n(h)) has measure zero. 

Proof Let tp G 9§{X) and choose r) G C C °°(R \ K{h)) such that r)(h(P))ip = <p. Then 
there exists C > such that \h'(x)\ > C for all x G /i _1 (supp?7), due to Assumption 
I3.1l (i) (see the discussion after (2| Prop. 7.6.6] for details). This together with Assumption 
|3.1| (ii) implies that 

\\\h'(P)\~ 2 r](h(P))(d a h)(P)\\ < 00 and \\\h' (P)]- 1 rj(h(P))\\ < 00 (3.7) 

h\P) - 

h'(P)\, 

bounded for a with \a\ < 2, due to the compacity of (d a Rf)(S d ~ 1 ). Therefore, using 
Formula d2.31 l with t = \x\~ , we get the estimate 

UM\ = || ■ (d 3 RfY(h'(P)) + 2R' f (h'(P)) ■ Q} V (h(P))4 



for any multi-index a with \a\ < 2. Furthermore the operator (d a R f) (rpj^rr) is also 



< 



Ej< d \h'(p)\- 2 v (h(p))(d 3 hy(p) ■ ( dj R f y(^) v 

h'(P 
\h'(P 



Coixt.\\{\h'W\- 1 V {h{P))K f (^)-QW 



< Const. || (QM|, 

which implies the claim. □ 

There are at least two cases where the operator A / takes a simple form. First, sup- 
pose that h is a polynomial of degree 1, i.e. h(x) = vq+v^x for some Vq £l,»£ X\{0}. 
Then the operator R'Jh'(P)) reduces to the constant vector R'^(v), and 

A f := 2R' f (v)-Q. 

Second, suppose that / is radial. Then one has R'f(x) = —x~ 2 x due to Lemma |272l (c), 
and A f reduces to the operator 

A:=-(Q-4$L + ^.Q). (3.8) 
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For instance, in the particular case where h(x) = ho(\x\) with h' > 0, one gets 

A) := - (Q • \p\hf(\p\) + \p\K(\p\) ' <9) ■ (3 - 9 ) 

Next Theorem is somehow related to the usual result on the asymptotic velocity for 
Hamiltonians H = h(P) (see e.g. |22), ESJ Sec. 2], |20] Thm. 7.1.29], and (2 Sec. 
7.C]). The symbol J£" stands for the Fourier transformation. 

Theorem 3.3. Let f S J5^(X) fee an even function such that / = 1 on a bounded 
neighbourhood of 0. Lef /i satisfy Assumption 13.71 w/fn to > 3. 77ie« we have for each 



lim / dt(<p, [e^ p > f(Q/r)e- ith ^-e- ith ^ /(Q/r) e^ p > ] ^) = (<p,A f <p). 

r— too J Q 

(3.10) 

Proof, (i) Let <p G ^{X), take a real 77 e (M \ such that r)(h(P))tp = tp, and 

set r] t (P) := c lth ^ r)(h(P)). Then we have 

(<p, [e^ p > f(Q/r)e- ith ^-e- ith ^ f{Q/r)j th ^]y) 

dx (&f)(x)(<p, [vt(P) V-t(P) ~ V-t(P) Vt(P)] <p) 

dx(^/)( 2 ;)(^[e^-Q^(P+f) 77 _ t (P)-r M (P)r, t (P-f)e^-Q]^) 

dx(^f)(x)(cp,{(e^'Q -l)r, t (P + f)r,^ t (P) (3.11) 
+ V - t (P)[r)t(P+ - r?*(P - f)] - V-t(P)vt{P - f )(''' -1)}^>- 
Since / is even, &f is also even, and 

dx(&f)(x){<p,r 1 „ t (P)[r ]t (P+f)-r ]t (P-f)}<p)=0. 

Thus Formula (13. 1 lb and the change of variables /i := t/r, v := 1/r, give 

/•OO 

lim / dt (p, [ c* t,l ( p > /(Q/r) e""^ - e~ uh ^ f(Q/r) c uh ^ ] cp) 



x 



x 



r — >oo 



lim / d/j / dxK(v,(j,,x), (3.12) 



where 



K(u t n,x) := (^/)(.T)(<^,{i(c tra - c ?-l)7 ? (/i(P + ^))c^[' l ( p + ra )-' i ( p )] 



(ii) To prove the statement, we shall show that one may interchange the limit and the 
integrals in ( 13.12b . by invoking Lebesgue's dominated convergence theorem. This will be 
done in (iii) below. If one assumes that these interchanges are justified for the moment, 
then direct calculations using the parity of /, Lemma |2~2l (a), and Lemma |3~2l give 



lim / dt(<p, \e ah ^ f{Q/r)e~ uh ^ -c- uh ^ f(Q/r)e m ^U) 

= i fd/i / dx(^f)(x){((x-Q)^e^ h '^\^ - fae-WW ( x .Q)cp)} 
Jo Jx 



= E /"^ [(Qi<P> (d 3 f)^ti{P))v) + (<p, {djfWiPWup)] 

3<d Ja 

(iii) To interchange the limit v \ and the integration over fj, in Equation (13 . 1 3b . 
one has to bound J x dx K(v, fi, x) uniformly in v by a function in L 1 ((0, 00), d/x). We 
begin with the first term of j x dx K(v, /j,, x): 

Kx(v, n) 

■= [ &x{&f){x)((Q) 2 ip, i(c ira - c ?-l)(Q)- 2 ?7(^(P + i /x))c^[' l ( p + ra )-' i ( p )] ip) . 



1 x 
One has 

|| i ( — 1) (Q)" 2 || < Const. \x\ (3.13) 

due to the spectral theorem and the mean value theorem. Since &f G S*{X) it follows 
that 

|^iO,m)| < Const., (3.14) 

and thus Ki{y, /1) is bounded uniformly in v by a function in L 1 ((0, 1], d/i). 

For the case \i > 1 we recall that there exists C > such that > C for all 

x G /i _1 (supp?7), due to Assumption l3.1l (i). Therefore the operator 

A j>v (x) := (^/)(x)i(e— Q-l) (Q)- 2 «g^ 

satisfies for any integer k > 1 the bound 

IK>0)|| < Const. (xy k , 
due to Equations d3.7t , ( 13.131 1, and the rapid decay of & f. So K\ (u, fi) can be written as 

^i(^M) = -^ -1 E / &((Q) 2 P> A 3A x ){ d 3 B '',i*)( x )<P}> 
j<d Jx 
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with B v ^{x) := IH P + VX ) H p )]_ Moreover lengthy, but direct, calculations using 
Equation ( 13.13b and Assumption ^. 1 | (ii) show that 

mAj^WW < Const. (l + \v\)(x)- k 

and 

deidjAjJix) ^^ < Const. {l + \u\+^)(x)- k (3.15) 

for any integer k > 1. Therefore one can perform two successive integrations by parts 
(with vanishing boundary contributions) and obtain 



K 1 (v,fi)=i f x- i y] f dx({Q) 2 tp, (djA u )(x)B u ^(x)ip) 



j,l<cV " 



X 



This together with Formula ( 13.151 ) implies that 

.Ki(i>, fJ>)\ < Const, /i~ 2 for each v < 1 and each fi > 1 . (3.16) 

The combination of the bounds d3.14t and ( 13.16b shows that K\(y, fx) is bounded uni- 
formly for v < 1 by a function in L 1 ((0, oo), d/x). Since similar arguments shows that the 
same holds for the second term of J x dx K(is, fx, x), one can interchange the limit v \ 
and the integration over /j, in Equation ( 13.121 ). 

The interchange of the limit v \ and the integration over x in ( 13.121 ) is justified 
by the bound 

\K(v,n,x)\ < Const. \x(&f)(x)\, 
which follows from Formula ( 13.131 ). □ 

Remark 3.4. We strongly believe that Formula (13.10b remains true for a large class of 
non-smooth even localization functions f (such as characteristic functions, for instance). 
In the particular cases of the Schrddinger operator h(x) = x 2 and the one-dimensional 
Friedrichs model h(x) = x, similar results suggest that f only has to decay to suffi- 
ciently fast at infinity (see H17\ Prop. 4.5] and Section \5~l\ . Unfortunately, in the general 
situation, we have not been able to extend the proof of Theorem \3.3\ to such a class of 
functions. Only minor ameliorations, not worth to mention, have been obtained. 

Next result follows directly from Lemma [2~2l (c) and Theorem l3.3l 

Corollary 3.5. Let f G ,5^ (X s ) be a radial function such that f = 1 on a bounded 
neighbourhood of 0. Let h satisfy Assumption 13.71 with m > 3. Then we have for each 

lim / dt(tp, [e ri/l ( p )/(Q/r)e- lt ' l ( p )-e- ri ' l ( p )/(Q/r)e lt ' I ( p )]v 3 ) = (<p,Aip), 

(3.17) 

with A defined by d3.8t . 
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The rest of the section is devoted to the interpretation of Formula ( 13.171 ). We con- 
sider first the operator A on the r.h.s. One has for each ip £ $)®(X) 

[A,h(P)]cp = -2itp, (3.18) 

which suggest that A = — 2i g^py, with a slight abuse of notation. Thus, formally, ^A 
can be seen as the operator of differentiation with respect to the kinetic energy h(P). In 
fact, this affirmation could be turned into a rigorous statement in many concrete situations. 
As an example, we present two particular cases where rigorous formulas can be easily 
obtained. 

Case 1: Suppose that h is a polynomial of degree 1 satisfying the hypotheses of 
Corollary 13.51 Then h(x) = vq + v ■ x for some vq £ R, v £ X \ {0}, and we have 
h(X) = K and n(h) = 0. So Ho has purely absolutey continuous spectrum u(Hq) = 
Cac(-Ho) = Moreover the operators A = —2^-Q and h(P) = Vq+v-P are selfajoint, 
and have ^(X) as a common core. The associated unitary groups U(t) := e ltA and 
V(s) := c lsh ( p "> are continuous, and satisfy the Weyl relations 

U(t/2)V(s) = c tts V(s)U(t/2). 

It follows by the Stone-von Neumann theorem l37l VIII. 14] that there exists a unitary 
operator ^ : H(X) -> L 2 (R; C w , dA), with N finite or infinite, such that U{t/2)%* 
is the group of translation to the left by t, and ^{V (s)^* is the group of multiplication 
by e IsA . In terms of the generators, this implies the following. We have 

9Ah(P)%* = A, 

where "A" stands for the multiplication operator by A in L 2 (M; C^, dA), and we have for 
each ip £ H(X) and £ 3%(X) 

{ V ,A<f>)= f dA((*^)(A),-2 8 «(A)} cN , (3.19) 
Jr 

where denotes the distributional derivative. 

dA 

For instance, in the case of the one-dimensional Friedrichs model (h(x) — x), one 
has N = 1, and ^ reduces to the one-dimensional Fourier transform. 

Case 2: Suppose that h is radial and satisfies the hypotheses of Corollary 13. 5 1 Then 
there exists a function ho £ C 3 (R; R) such that h(x) = ho(\x\) for each x £ X, and we 
have 

k ■= n(h) = {A £ R | 3p £ [0, oo) such that h {p) = A and h' (p) = 0}. 

In particular kq is closed as n(h), and it has measure zero due to Sard's Theorem in R. We 
also assume that h' Q > Oon [0, oo) (so that /i " 1 (A) is unique for each A £ /io([0, oo))\ko) 
and that /i ( ^" 1 (ko) has measure zero. These assumptions are satisfied by many physical 
Hamiltonians such as the Schrodinger operator {ho(p) = p 2 ) or the square-root Klein- 
Gordon operator (ho(p) = \J\ + p 2 ). 

Taking advantage of the spherical coordinates, one can derive a spectral transforma- 
tion for h(P) = h (\P\). 
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Lemma 3.6. Let ho be as above. Then the mapping <&o : Wpf) — > /^([d dA L 2 (§ d 1 ) 
defined by 

(%V)(A,«) := ( fa^i^)) 1 ) 1 (^(^'(AH (3.20) 
for each ip 6 7i{X), A 6 /io([0, oo)) \ ftg, fl«t/ w G S 6 * -1 , Z5 unitary and satisfies 

%h (\P\)%* = ^ dAA. (3.21) 

A ([0,oo)) 

Moreover, one has for each tp G W(-X") a«<i G @i(X) 

(<p,A 4>)= f dA((^ ^(A,-),-2i^ 1 (A ) -)> L2fSti _ lv (3.22) 

A ([0,oo)) 1 ; 

where -4- denotes the distributional derivative. 

dA 

Note that Formula (13.21b (or the fact that /iq 1 (ko) has measure zero) implies that 
h(P) = /io(|P|) has purely absolutely continuous spectrum. In the case ho(p) = p 2 , 
reduces to the usual spectral transformation for the Schrodinger operator l24l Sec. 2]: 

(%p)(\,lo) = 2- l ' 2 \ ( > d - 2 V\&p)(\ l ' 2 uj). 

Proof. A direct calculation using the spherical coordinates and the fact that k and 1 (k$ ) 
have measure zero shows that W^ofW 2 = IM| 2 for each tp G H(X). Thus '^b is an isom- 
etry. Furthermore, for each ip G J ho ^ dA L 2 (S d_1 ) and (6l \ {0}, one can check 
that 

^V^^- 1 ^ where ^) := (|pr) ^(VlCI), if)- (3-23) 

Thus ■?/()%* = 1, and ^ is unitary. Formulas dllB and ([3221 follow by using (l3~20l 
d3~23b , and the definition dl^ l of A . □ 

Formulas (13 . 1 9b and ( 13.22b provide (at least when h radial or a polynomial of degree 
1) a rigorous meaning to the r.h.s. of Formula ( 13.171 ). They imply that A acts in the spectral 
representation of h(P) as — 2i-A-, where A is the spectral variable. What about the l.h.s. 
of Formula ( 13.17b ? For r fixed, it can be interpreted as the difference of times spent by the 
evolving state e~**' l ( p ) ip in the past (t < 0) and in the future (t > 0) within the region 
defined by the localization operator f(Q/r). Thus, Formula ( 13.17b shows (at least when 
h radial or a polynomial of degree 1) that this difference of times tends as r — > oo to the 
expectation value in tp of the operator — 2i^j in the spectral representation of h(P). 
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4 Time delay 

In this section we prove the existence of time delay for scattering systems with free Hamil- 
tonian Hq = h(P) and full Hamiltonian H. The function h : X — > K satisfies Assump- 
tion 13. 1 L and the full Hamiltonian H can be any selfadjoint operator in 'H(X) satisfying 
Assumption ^. 1 I below. Given two Hilbert spaces TL\ and H2, we write £%{H\ , TL2) for the 
set of bounded operators from 7i\ to H2, and put ,^(Hi) := SSi^H\ , Hi). The definition 
of complete wave operators is given in ll36l Sec. XI. 3]. 

Assumption 4.1. The wave operators W± exist and are complete, and any operator T G 
@(H- P (X),H(X)), with p>\, is locally H-smooth on R \ {n(h) U <7 pp {H)}. 

Under Assumption IXTI it is known that each operator T G 3$(H- P {X),H(X)), 
with p > i, is locally /i(P)-smooth on R \ (see Prop. 7.6.6] and H Thm. 
3.4.3. (a)]). Therefore, if r > and tp G @q(X), then T°(y)) is finite for each function 
/ satisfying Assumption 12. l| (i) with p > 1. The number T r (<p) is finite under similar 
conditions. Indeed, define for each t > 

^t(X) := G I f](h(P))if = ip for some v G C C °°(K \ {n(h) U ^(if)}) }. 

Then T r ((p), with 93 G &q{X), is finite for each function / satisfying Assumption ^. ll (i) 
with p > 1 due to Assumption 14. II Obviously, the set @t(X) satisfies properties similar 
to those of 9${X): & t {X) C H ac (H ), 9>t{X) is dense in H{X) if /i" 1 ^) Ua pp (H)) 
has measure zero, and 3> tl (X) C (X) if t% > t 2 - 
For each r > 0, we define the number 



r* ree (^) := \ \ At (<p, S*[c UH ° f(Q/r) e~ UH ° - e~ ltH " f(Q/r) e ltH » , S]<p) , 



which is finite for all p G @$(X). We refer the reader to Eq. (93) & (96)], (TTJ Eq. 
(4.1)], and 146] Sec. 2.1] for similar definitions when Hq is the free Schrodinger operator. 
The usual definition can be found in J3] Eq. (3)], fl24j Eq. (6.2)], and GU] Eq. (5)]. The 
symbol R± stands for R± := {x G K | ±x > 0}. 

Lemma 4.2. Lef / > satisfy Assumption 12. H with p > 1. Suppose that Assumption WT\ 
holds. Let tp G @o(X) be such that 




(4.1) 



(W. 



l)e 



,-ttffo 



<p|| G L 1 (R_ , dt) 



(4.2) 



anc/ 



l)e 



G L 1 (K+,dt). 



(4.3) 



TTzen 



lim \r r {tp) 



.free 

r 



(¥>)] = 0. 
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dt 

-OO 



Proof. One has for ip e %{X) 

r r (<p) -T r frcc (^) = / dt \\nQ/r) 1 ' 2 e-* H W-<p\\ 3 - \\f{Q/r) 1 ' 2 e~ itH - S V \\ 2 

\f(Q/r) 1/2 e- ltH W-ip\\ 2 - \\f(Q/r)^ 2 e- itHo (p\\ 

(4.4) 

Using the inequality 

|IMI 2 -IMI 2 | < llv-0ll-(IMI + M), p^eW(i), 

the completeness of W±, and the fact that cp S HndHo), we obtain the estimates 

\f(Q/r) 1/2 e- ltH W-ip\\ 2 - ||/(Q/r) 1/2 e- ltff >|| 2 < Const. g_(t) |M| (4.5) 
\f(Q/r)V 2 e- itH W-4 2 - \\f(Q/r) 1 ' 2 e- itH °S<p\\ a \ < Const. g + (t)\\<p\\, (4.6) 
where 

g-(t) := \\(W- - l)e- ltHo tp\\ and ff+ (f) := ||(W+ - 1) e-" ffo S(p\\ . 

Since s- Hindoo f{Q/r) 1 ' 2 = 1, the scalars on the l.h.s. of d4.5b - (l4.6b converge to 
as r — > oo. Furthermore we know from Hypotheses (I4.2b - d4.3b that g± G L^M-i-, di). 
Therefore the claim follows from d4.4t and Lebesgue's dominated convergence theorem. 

□ 

Next Theorem shows the existence of symmetrized time delay. It is a direct conse- 
quence of Lemma l4~2l Definition d4.lt . and Theorem l3.3l 



Theorem 4.3. Let f > be an even function in .y(X) such that f = 1 on a bounded 
neighbourhood ofO. Let h satisfy Assumption \3. 1 1 with m > 3. Suppose that Assumption 
WI\holds. Let ip <E @i{X) satisfy Sip G 2>i(X) and d4T2t-(l43t. Then one has 

]im T r (<p) = l(ip,S*[A f ,S]cp), (4.7) 

r— »oo 

vw'f/z A f defined by (13. 6t . 



Remark 4.4. 77ze result of Theorem 14.31 is o/ particular interest when the localization 
function f is radial. In such a case Af = A due to Lemma \Z2\ (c), and d4.7t reduces to 

limTriv) = U<p,S*[A,S]ip). (4.8) 

r— *oo 

Since A is formally equal to —2i-^j^, this equation expresses the identity of symmetrized 
time delay (defined in terms of sojourn times) and Eisenbud-Wigner time delay for disper- 
sive Hamiltonians Hq = h(P). To show this more rigorously, let us suppose that Hq is 
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purely absolutely continuous. In such a case there exist Hilbert spaces {H\}\£a(H ) an d 
a unitary operator : TC(X) — » J a ^ Ho \ A\TL\ such that a i/ H^tf/* = j a i Ho ^ dA A and 
WSW* = f5 Ho -> dA 5(A), w/f/i S(A) Mn/tory faee e.g. §\ Prop. 5.29]). Assume, 

by analogy to ( 13.191 l a«c/ d3.22| l, that A satisfies for each ip G 'H(X) and <fi £ @i(X) 

(<P,M) = I dA((^)(A),-2*^(A)) (4.9) 
J<r(H ) 

Assume also that the scattering matrix a (Hq) 3Ah S(X) G H\ is strongly continuously 
differentiable on the support of 9/ if. Then ( 14.8b can be rewritten as 

lim r r { V ) = f dA((^)(A),-iS(A)*«(^)(A)> 

r ^°° Jct{H ) " A 

Remark 4.5. One can put into evidence Eisenbud-Wigner contribution to symmetrized 
time delay even if the localization function f is not radial. Indeed, by using Formula 
( 12.4b , one gets that Af = A + Af, where 

Af := Q ■ R' f (h'{P)) + R' s {h'{P)) ■ Q 

and 

: =%(r) 

for each iEl \ {0}. Thus Formula (14.71 ) always implies that 

lim Tr (<p) = | (<p,S* [A,S]<p) + \{<p,S*\Af,S\tp). 

r— >oo 

As noted in Remark \4.4\ the first term corresponds to the usual Eisenbud-Wigner time 
delay. The second term corresponds to the contribution of the non-radial component of 
the localization function f. Due to Equation (12.21 1. one has 

e ltH ° Af e- ltH <> = Af 

for each ip G @\(X) andt G M. Basically, this means that Af (and thus S*[Af, S}) is de- 
composable in the spectral representation of Hq. Ifh is radial and satisfies the hypotheses 
of Lemma 13.61 one can even determine the restriction Af (A) to the fiber at energy A by 
using the spectral transformation %q (Af{\) is a symmetric first order differential oper- 
ator on with non-constant coefficients). So, if we sum up, the operator S* [Af, S] is 
always decomposable in the spectral representation of Hq under some technical assump- 
tions, but its restriction to the fiber at energy A is an operator much more complicated 
than —iS(X)* dS J{ ' . Some informations on this matter can be found in M7\ Sec. D] in the 
particular case of the Schrddinger operator (h(x) = x 2 ). 

Now, we give conditions under which one has 

lim [T?(S<p)-T?(<p)] =0. (4.10) 
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This implies the equality of time delay and symmetrized time delay in the following sense: 

lim [t^)-tvM] =0. 

r — >oo 

Physically, (14.1 Oi l means that the freely evolving states c~ ltH ° <p and c~ ztH ° Sip tend to 
spend the same time within the region defined by the localization function f(Q/r) as 
r — > oo. Formally, the proof of H.lOt goes as follows. Suppose that Ff(h'(P)), with Ff 
defined in SectionlH commutes with the scattering operator S. Then, using the change of 
variables fi := t/r, v := 1/r, and the parity of /, one gets 

lim [T°(^)-T r V)] = lim / dt (<p, S*[j th ^ f(Q/r) e~ ith i p \ S]cp) 

-(<p,S*[Ff(h'{P)),S\<p) 
= lim | d/x (<p, S* [±{f{vQ + fih'(P)) - f(nh'(P))},S] <p) 

= f dn(<p,S'[Q- f'W(P)),S\tp) 
Jr 

= 0. 

The rigorous proof will be given in Theorem l4.8l below. Before this we introduce assump- 
tions on h slightly stronger than Assumption l3.ll and we prove a technical lemma. 

Assumption 4.6. The function h : X — > R is of class C m for some m > 2, and satisfies 
the following conditions: 

(i) \h(x)\ — y oo as \x\ —* oo. 

(«) J2\ a \< m \(d a h)(x)\ < Const. (1 + 1^)1). 

(Hi) J2\ a \= m \(d a h)(x)\ < Const. 

Assumption 14.61 appears naturally when one studies the spectral and scattering the- 
ory of pairs {Ho = h(P),H} using commutator methods (see e.g. 12 Sec. 7.6.3] and 
ll42l Sec. 2.1]). Assumption l4.6l (i) is related to the closedness of k(Ji), whereas Assump- 
tions l4.6l (ii)-(iii) are related to the polynomial growth of the group {e"' 1 *} in V(Hq) and 
UdHol 1 / 2 ). We say that functions h satisfying Assumption 14. 61 are of hypoelliptic type, 
by reference to hypoelliptic polynomials of degree m which also satisfy Assumption 14.61 
(see I2TI Thm. 11.1.3]). A typical example one should keep in mind is the case where h 
is an elliptic symbol of degree s > 0, i.e. h G C°°(X;R), \(d a h)(x)\ < C a (x) s -^ for 
each multi-index a, and \h(x)\ > C |x| s , for some c > 0, outside a compact set. 

Lemma 4.7. Let h satisfy Assumption \4.6\ with m > 2, and take r\ <E C£°(R \ n(h)). 
Then one has for each \x £ R, x G X, and \ v\ < 1 

\\l{r]{h{P+vx))e i ^ p + vx )- h ^ -r](h(P)) e i ^' /l '( p ) } || < Const. (1+|m|) (x) m+2 . 
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Proof. Due to the spectral theorem and the mean value theorem, one has 

\\l{r]{h{P + vx))e % ^ h{p+yx ^- h(p ^ -T)(h(P))e^ x - h '( p ) }|| < sup 

vex, $e[o,i] 

(4.11) 

where 

g y {v) := n(h(y + vx)) e ^[%+"*)-M»)] 

= + i/x)) exp [i>X)|a|=i x ° Jo dt ( dah )(y + tvx )} ■ 

Direct calculations using Assumption l4.6l (ii) show that 



sup < Const. \x\ + Const. x 2 \p\ sup \i](h(y + ^x))\ (l + \h(y + t^vx)\). 

«e[o,i] «,te[o,i] 

(4.12) 

Then one can use Taylor's Formula J2] Eq. (1.1.8)] 

h(y + tfyx) 

= ^ ( 9 + 

|a| <m 

+ m[{t-l)fy] m V ^ / 1 dr(a Q ^)(y + ^ + T(t-l)^.T)(l-T) m - 1 
ii a - Jo 

\a\—m 

to get abound for \h(y+t£i/x)\ in terms of \h(y + £vx)\. Indeed, using the formula above 
and Assumptions 14. 6l (ii)-(iii). one obtains that 

\h(y + t£ux)\ < Const, (v)™- 1 (x)™- 1 (l + \h(y + £vx)\) + Const. \u\ m \x\ m . 

This, together with the bounds d4.1U - (14.12l ) and Assumption 14. 6l (ii). implies the claim. 

□ 



Theorem 4.8. Let f 6 S^{X) be even, let h satisfy Assumption \4.6\ with m > 3, and 
suppose that Assumption \4~J] holds. Ifip G {ft® (^0 satisfies Sip G ^ (X) a/iaf 

[F / (ft'(P)),5] ¥ > = 0, (4.13) 

f/zen one has 

]im [T° (Sep)- T°(ip)}=0. (4.14) 

r — too 

In particular, time delay and symmetrized time delay satisfy 

lim [r^{ip)-T r {ip)\ = 0. (4.15) 

r — too 

The l.h.s. in ( 14.13b is well-defined due to Equation d2.51 >. Indeed, one has 

[F f (h'(P)),S] ( p=[\h'(P)\- l V (h(P))F f (^ ] ),S}^ 

for some 77 G C C °°(R \ n{h)), and thus [F f (h'{P)), S]p> G by CLZl> and the com- 

pacityofF/(S d - 1 ). 
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Proof. Let ip G (X), take a real 77 G C c °° (K \ such that r](h(P))ip = yp, and set 

T]t(P) '■= e lth ( p > rj{h{P)). Using (14.131 ) and the change of variables fi := t/r, v := 1/r, 
one gets 

T? /u (Sp)-T^(p) 

= f d^(p,S*[l{^(P)f( v Q) v _^(P) - f(^h'(P))},S]p) 
Jr 

= I dfj, I dx(^f)(x)(p,S*[^{e wx -Q7 1 i L {P + ^x)v^!L(P)-e^ x - h '<- p ^},S]p) 
Jr Jx 

= [ dfj, [ dx(^/)(x)<^,S , *[i(e lra -«-l)77(/i(P + ^))c^[' l ( p + ra )-' l ( p )],S']^) 
Jr Jx 

(4.16) 

+ / dfij dx(,^f)(x){(p,S*[±{r ] (h(P + vx))e l ^ h ( p +^- h ( p n 

- v (h(P))c^ h '^},S}v). 

To prove the statement, it is sufficient to show that the limit as v \ of each of these two 
terms is equal to zero. This is done in points (i) and (ii) below. 

(i) One can adapt the method Theorem |3 . 31 (point (iii) of the proof) in order to apply 
Lebesgue's dominated convergence theorem to ( 14.161 ). So one gets 

lim / d/J / dx(^/)(.T)(^,S , *[i(e lra -Q-l) 7/ (^(P + ra))c^[ h ( p + ra )- /t ( p )],S']( / 3) 
Jr Jx 

= i [ d/i / dx(.^f)(x){((x ■ Q)S<p,e^ h '^ Sp) - ((x ■ Q)p,e^ h '^ <p)}, 
Jr Jx 

and the change of variables y! := — /i, x' := —x, together with the parity of /, implies 
that this expression is equal to zero. 

(ii) We have to show that the limit 

^:=lim f dfjt [ dx{^f){x){(p,S*[l{r}{h{P + vx))e i u\KP+^)-h{P)] (4.17) 
"V> Jr Jx v 

-r ] {h{P))e i » x - h '^ },S]<p) 

is equal to zero. For the moment, let us assume that we can interchange the limit and the 
integrals in (14.171 ), by invoking Lebesgue's dominated convergence theorem. Since 

{£r,(h(P + vx)) &mP+™)-HP)] 

= x-h'(P)ri'(P)e i ^ h '^ r)(h(P)) x a (d a h)(P)e^ x - h '<- p \ 

\a\=2 

one gets in such a case 

£= f d/i f dx{^f)(x){p,S*[x-ti(P)7i(P)c^ x - h '<- p \s]<p) 
Jm Jx 

+ lE la \=2lR^^J x dxx a (^f)(x)(p 1 S*[(d a h)(P)e^'( p ),S]p). 
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Then the change of variables /i' := — [i, x' := —x, together with the parity of /, implies 
that this expression is equal to zero. 

It remains to show that one can apply Lebesgue's dominated convergence theorem 
to (14. 17b . Since ip and S<p belong to the same set @® {X) it is enough to treat the limit 

Iim^o J R d/j, L{v, jj), where 



L(u,n):= / dx(^f)(x)(^,^{r,(h(P + vx))e l ^ p +^- h ^ 
Jx 

-TjihiP))^^'^ }<p). 

Using Lemma |4~7l and the fact that &f G ^(X), one gets that \L(u, fx)\ < Const. (1 + 
|/i|) for all \i/\ < 1. Therefore L{v, //) is bounded uniformly for \v\ < 1 by a function in 
\}{[-l,l],d»). 

For the case > 1 we recall that there exists C > such that > C for all 

x G h^ 1 (supp rj), due to Assumption l4.6l (i). So L(v, /it) can be rewritten as 

J<d jx 

v(HP))(dih)(P) (a p ^x-h'(P)\\,.\ 

and one can perform an integration by parts (with vanishing boundary contributions) with 
respect to Xj . We do not give the details here since the calculations are very similar to 
those of Theorem B . 3l (point (iii) of the proof). We only give the result obtained after three 
successive integrations by parts: 

L(v,fi) = 0(\»\- 2 )-i(x- 3 I dx[d k d*(&f)(x)] x (4.18) 



j,k<d 



X 



v 1 f r,(h(P+vx))(d k h)(P+vx) i*±[h(P+vx)-h(P)] n(h(P))(d k h)(P) i^ x . h '{P) 1 \ 

X XV 9 ' v\ \h'(P+ux)\ 4 e \h'(P)\* iVh 

where ( | fj, \ ~ 2 ) are terms (containing derivatives d a h with | a \ < 3) bounded in norm by 

-2 



Const. \fj,\ . Now, one shows as in Lemma l477l that 

H 1 ( r,(h(P+vx))(d k h)(P+vx) p iH-[h(P+ux)-h(P)] n(h(P))(d k h)(P) i Mx .h'(P) 111 
III/ I |/i'(P+i/z)| 4 C |/i'(P)| 4 C /II 

< Const. (1 + \fi\) (x) m+2 

for each p, G R, x G X, and < 1. It follows by ( 14.181 ) that |£(z/, < Const. \[i\~ 2 
for each \v\ < 1. This bound, together with our previous estimate for \fj,\ < 1, showns 
that L(y, /i) is bounded uniformly for |z/| < 1 by a function in L 1 d/i) . So one can 
interchange the limit v \ and the integration over // in ( 14.17b . 

The interchange of the limit v \ and the integration over x in ( 14.171 ) is justified 
by the bound 

\(3?f){x){ip,l{r ] (h(P + isx))cW h ( p +^- h ( p n - v (h(P))e^ x - h '^ }<p)\ 

< Const. (1 + H)| (^f)(x)\(x) m+2 , 

which follows from Lemma |4~7l □ 
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In physical terms, the commutation condition ( 14.13b expresses roughly the conser- 
vation of the observable Ff(h'(P)) by the scattering process. Since h'(P) is the free 
velocity operator for the scattering process, Ff(h'(P)) is a quantum analogue of the clas- 
sical sojourn time Ff(p), with momentum p G R, described at the end of Section [2] 
Therefore it is not completely surprising that the sojourn times T®(Sip) and T®(ip) are 
equal (in the sense of ( 14.14b ) if ( 14.13b is satisfied. 

Remark 4.9. There are many situations where the commutation assumption (14.13b is 
satisfied. Here we present two of them. The first one occurs when h is a polynomial of 
degree 1, i.e. h(x) = Vq + v ■ x for some v £ K, v £ X \ {0}. In such a case the 
operator Ff(h'(P)) reduces to the scalar Ff(v), and thus d4.13b is clearly satisfied. The 
second one occurs when both f and h are radial, namely when fix) = fo(\x\) and 
h(x) = ho(\x\) with, say, ho as in Lemma \3.6\ In such a case Ff(h'(P)) is diagonalizable 
in the spectral representation of Hq = h{P), namely 

%F f (h'(P))%* = r dXFf^'oih^iX))), (4.19) 

A n ([0,oo)) 

where is the spectral transformation ( 13.20b for h(P). We also know, under Assumption 
\4.1\ that S is decomposable in the spectral representation of Hq. Thus (14.13b is satisfied, 
since diagonalizable operators commute with decomposable operators. 

We are now in a position to state our main theorem on the existence of time delay. 
It is a direct consequence of Theorems l4.3l and l4.8l 

Theorem 4.10. Let f > be an even function in S^[X) such that f = I on a bounded 
neighbourhood of 0. Let h satisfy Assumption \4.6\ with m > 3. Suppose that Assumption 
\4J]holds. Let ip e & 2 {X) satisfy Sip € ®i{X), d4~T3b , and (|43-(1431 Then one has 

lim if (ip) = lim Tr (<p) = \ (cp, S*[A f , S]<p) , (4.20) 

r — >oo r — >oc 

with A f defined by (13. 61 ). 

The comments of Remarks 14.41 and 14.51 concerning the symmetrized time delay 
T r ((fi) remain valid in the case of the time delay T™(tp). The r.h.s. of ( 14.201 ) can always 
be written as the sum of the Eisenbud-Wigner time delay and the time delay associated to 
the non-radial component of the localization function /. In particular, if / is radial, one 
has 

lim T?{y) = [ dA <CBV)(A), ^S(X)*^ {® V ){\)) H ^ (4.21) 

under the assumptions of Remark l4~4l 

Formula (14.21b is the main result of this paper: it expresses the identity of time 
delay (defined in terms of sojourn times) and Eisenbud-Wigner time delay for dispersive 
Hamiltonians Hq = h(P). However, (14.21b holds only if the conditions ( 14.9b and ( 14.13b 
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are satisfied. As we have seen in cases 1 and 2 of Section[3]and Remark [4791 this occurs 
for instance when h is a polynomial of degree 1 or radial. These two classes of functions 
provide a bulk of examples much bigger than what can be found in the literature, since 
only the Schrodinger Hamiltonian (h(x) = x 2 ) have been explicitly treated before. 
We collect the preceding remarks in a corollary to Theorem |4.10| 

Corollary 4.11. Let f > be an even function in 5^(X) such that f = 1 on a bounded 
neighbourhood ofO. Let h satisfy Assumption \4.6\ with m > 3. Suppose that Assumption 
Wl\holds. Let ip G ®i{X) satisfy Sip G 9%{X) and (l4T2l-d431>. Then 

(a) Suppose that h(x) = vq + v ■ x for some Vq G M, v G X \ {0}. Then one has 

^ji'^) = |dA((^)(A),-iS(A)* ^(Wi<p)(\)) c „ 

if the scattering matrix IbAh S(X) G 3§(C n ) is strongly continuously differ- 
entiable on the support of°tt\p. 

(b) Let f be radial, and suppose that h is radial and satisfies the hypotheses of Lemma 
13.61 Then one has 

lim C(^) = [ d\((W <p)(\,-),-iS(\)* «*M(W 0( p)(\,.)\ 

r ^°° Jh ([0,oo)) y ' 

if the scattering matrix ho({0,oo)) 3 A i— > S(X) G ^(L 2 (§ d_1 )) is strongly con- 
tinuously differentiable on the support o/^oV 3 - 

5 Friedrichs model 

As an illustration of our results, we treat in this section the case of a one-dimensionnal 
Friedrichs Hamiltonian Hq perturbed by a finite rank operator V. For historical reasons 
Ifl6l we define the Friedrichs Hamiltonian as the position operator Ho := Q in the Hilbert 
space H(R) := L 2 (M). The operator H Q satisfies ^Hq,^^ 1 = -P. So, we can apply 
after a Fourier transformation the results of the Section|4]with h(x) = —x and n(h) = 0. 
Since h is a polynomial of degree 1, we only have to check the hypotheses of Corollary 
14.111 (a) in order to prove the existence of the limits Hindoo T* n (<p) and linv^oo T r (ip), 
and their identity with Eisenbud-Wigner time delay. However, the model is very explicit, 
so we will add some more remarks to this result. 

5.1 Preliminaries 

For the moment, we do not specify the selfadjoint perturbation H of Hq = Q. We only 
assume, by analogy to Assumption |4.1| that 

Assumption 5.1. The wave operators W± exist and are complete, and any operator T G 
@(H- S (M),H(M)), with s > \, is locally H -smooth on K \ <7 pp (H). 
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Since Hq = Q the propagation of the states 93 G W(M) takes place in the space 
of momenta. Therefore the quantities T®((p), T r (cp), T^. n (ip), and r r ((p) are defined with 
respect to a localization operator f(P/ r): 

T» := f At <e-^ /(P/r) e- tff ° <p) , 

T r (ip) := / dt(e- itff W_ V) /(P/r)e-^W_^>, 

r^) : =T r (^)-T r V), 
r r (^) :=T r (^)-|[T r (^)+T r (^)]. 

The sets @t( x ) and of Sections[3]and|4]are replaced by 

%{R) :={ipe H S {R) I r)(Q)<p = <p for some 77 G C C °°(R)} 

and 

^ S (R) := {<p G H S (E) I T](Q)f = tp for some rj G C c °° (K \ <r pp (iT)) } 
for s > 0. Theorem [3 . 3 1 implies that 

poo 

lim / dt(<p, [e ltQ f(P/r)e- u Q -e- u Q f(P/r)c ltQ ] V ) = 2(cp,Pip) (5.1) 

r^oo J 

for each tp G ^0 (K) and each even function / G J?(M.) such that / = 1 on a bounded 
neighbourhood of 0. Using the formula 

c it( 3 g(P/r)c- itc l = g( E f i ), g G L°°(R), (5.2) 

one can even show that ( 15. U remains true for all tp G H S (M.), s > 1, and all / satisfying 
the following assumption. 

Assumption 5.2. The function f G L°°(R) 15 even, f = 1 on a bounded neighbourhood 
o/O, and there exists p > 1 such that |/(x)| < Const, (x) p for a.e. i£l 

The typical example of function / one should keep in mind is the following. 

Example 5.3. Let f = \J> where J C lis bounded, symmmetric (i.e. J = — J), and 
contains an interval (—5, 8) for some 5 > 0. Then f satisfies Assumption \5.2\ and /(P/r) 
is the orthogonal projection onto the set of states with momentum localised in rj. 

Formula d5.2t and the parity of / give for each r > and p G H(M.) 
T°(tp) = [dt [ dfc|(^)(fc)| 2 /(^)- 
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Then Fubini's theorem (which is applicable due to Assumption 15.2b and the change of 
variable x := imply that 



7» 




dx f(x) 



(5.3) 



and thus that 



T?(S<p) = T,° 



and 



T?(<p)=T r {<p). 



(5.4) 



So the equations ( 14.141 ) and ( 14.15b of Theorem 14. 8 1 are true here not only as r — > oo, but 
for each r > 0. This can be explained as follows. The "velocity" operator associated with 
the free evolution group c lt ® is not only constant (which guarantees that Theorem l4.8l is 
applicable), but equal to —1: 



Therefore the propagation speed of a state e u Q <p in the space of momenta is equal to —1. 
In that respect Formulas (I5.3b - (l5.4b are natural. For instance, if ||y|| = land / = xjisas 
in Example 15. 3 1 then T^(ip) — r\J\, where \ J\ is the Lebesgue measure of J. So T®(<p) 
is nothing else but the sojourn time in rJ (in the space of momenta) of the state e lt< 3 ip 
propagating at speed — 1. 

Next Lemma follows from what precedes and Theorem l4.10l 

Lemma 5.4. Let f > satisfy Assumption \5.2\ Suppose that Assumption 13771 holds. For 
some s > 1, let ip G @ S (R) satisfy (0~J)-(|43j and Sip G 3> s (R). 77ien 



Remark 5.5. Formula ( 15.51 l i/iowi f/iaf linir^oo T™(ip) is null if the commutator [P, S] 
vanishes (which happens if and only if the scattering operator S is a constant). We give 
an example of Hamiltonian H for which this occurs. 

Let Hq := P with domain V(H ) := W X (R), and for q G L X (R; R) let H := 
Ha + q{Q) with domain V(H) := {tp G ^(R) | G H(R)}. It is known SM 

Sec. 2.4.3] that H is selfadjoint, that the wave operators W± := s- linis^ioo c ltH c~ ltH ° 
exist and are complete, and that S := W+ W- = e~ l dx i( x ) i s a constant. Therefore 
H := .^H.^' 1 = H + q(-P) is selfadjoint on V(H) := &"D(H), the wave operators 
W± = JFW±JF~ 1 exist and are complete, and S = S. 

Remark 5.6. Suppose that the assumptions of Lemma \5.4\ are verified, and for a.e. x G R 
let S(x) G C be the component at energy x of the scattering matrix associated with the 
scattering operator S. Then Equation (15.5b can be rewritten as 




lim T?{<p) = Km T r (<p) = { V ,S*[P,S]<p) . 



(5.5) 



lim T™(y>) = lim T r (tp) 



i [ dx\<p(x)\ 2 S{x)S'(x) 



(5.6) 



23 



if the function x i— > S(x) is continuously differentiable on the support of ' <p (note that 
Equation (15.6b does not follow from H301I or ^6] Chap. 7.2 ], since we do not require 
f(P/r) to be an orthogonal projection or x i— > S(x) to be twice differentiable on the 
whole real line). Formula ( 15.61 ) holds for the general class of functions f > satisfying 
Assumption \5.2\ However, if = 1 and f — \J iS as m Example \5.3\ then we know 
that the scalars T®(ip) and T r (ip) can be interpreted as sojourn times. Therefore in such a 
case Formula ( 15.6b expresses exactly the identity of the usual and symmetrised time delay 
with the Eisenbud-Wigner time delay for the Friedrichs model. 

Remark 5.7. Let Rq(-) and R(-) be the resolvent families of Hq and H, and suppose 
that R(i) — Ro(i) is trace class. Then, at least formally, we get from the Birman-Krein 
formula H50\ Thm. 8.7.2] that 

S(xjS'{x) = -2iri?(x; H, H Q ), (5.7) 

where £'(a;; H, Hq) is the derivative of the spectral shift function for the pair {Ho, H}. 
Therefore one has 

lim 4 n (<p) = -2vr / dx \cp(x)\ 2 £(x; H, H ), (5.8) 

and the number ~2tt^'(x; H, Hq) may be interpreted as the component at energy x of the 
time delay operator for the Friedrichs model. However Equations (|5.7t -( |5T8] l turn out to 
be difficult to prove rigorously under this form. We refer to [23 ], [31, Sec. IH.b], and [38, 
Sec. 3 [for general theories on this issue, and to Hll\ \13\ \35\ \49\l for related works in the 
case of the Friedrichs-Faddeev model. 



5.2 Finite rank perturbation 

Here we apply the theory of Section IBTTI to finite rank perturbations of Ho = Q. Given 
u, v £ H(M.) we write P uv for the rank one operator P u . v := (u, ■ ) v, and we set P v := 
P v v . The full Hamiltonian we consider is defined as follows. 

Assumption 5.8. Fix an integer N > and take p > 0. For j,k G {1, . . . , N}, let 

vj G W(M) satisfy (vj,Vk) = 5jk, and let Xj G R. Then H := Hq + V, where V := 

Many functions Vj (as the Hermite functions ||37l p. 142]) satisfy the requirements of 
Assumption l5.8l Under Assumption 15.81 the perturbation V is bounded from 7Y _A1 (R) to 
W*(R), H is selfadjoint on T>{H) = T>(Hq), and the wave operators W± exist and are 
complete J36] Thm. XI.8]. 

In the next lemma we establish some of the spectral properties of H, we prove 
a limiting absorption principle for H, and we give a class of locally iJ-smooth opera- 
tors. The limiting absorption principle is expressed in terms of the Besov space J€ := 
(^(R), H(R))i/ 2 ,i = H 1/24 (R) defined by real interpolation @ Sec. 3.4.1]. We recall 
that for each s > 1/2 we have the continuous embeddings 

H S {M.) cJfc H(R) cX*c H- S (U). 
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We refer the reader to J5] Sec. 6.2.1] for the definition of the regularity classes C k (A) and 
to |f2j Sec. 7.2.2] for the definition of a (strict) Mourre estimate. The symbol C± stands 
for the half-plane C± := {z G C | ± lm(z) > 0}. 

Lemma 5.9. Let H satisfy Assumption \5.8\ with (i > 2. Then 

(a) H has at most a finite number of eigenvalues, and each of these eigenvalues is of 
finite multiplicity. 

(b) The map z \— » (H — z)^ 1 G , Jff*), which is holomorphic on C±, extends 
to a weak* continuous function on C± U {R \ a pp (H)}. In particular, H has no 
singularly continuous spectrum. 

(c) IfT belongs to £$(Tt~ s (R),Tt(R)) for some s > 1/2, then T is locally H- smooth 
onR\a pp {H). 

The spectral results of points (a) and (b) on the finiteness of the singular spectrum 
of H are not surprising; they are known in the more general setting where V is an integral 
operator with Holder continuous kernel (see e.g. |[T4l Thm. 1] and |[T5l Lemma 3.10]). 
Note however that point (a) implies that the sets *2) s (R) are dense in H(R) for each s > 0. 

Proof, (a) Let A := -P, then e~ lfA H e ltA = H + t for each t G R. Thus H is of 
class C°°(A) and satisfies a strict Mourre estimate on R |f2] Sec. 7.6.1]. Furthermore the 
quadratic form 

V{A) 3 (p i ^ (<p, iVAip) - (Aip,iVip) 

extends uniquely to the bounded form defined by the rank 2N operator F\ := J2jLi {^Vj 
Pv'.,v )- This means that V is of class C 1 (A). Thus H is of class C n (A) and since F\ is 
compact, H satisfies a Mourre estimate on R. The claim then follows by |2] Cor. 7.2.1 1]. 

(b) The quadratic form 

V(A) 3 ip (<p,iFxAtp) - (A^iFi^) 

extends uniquely to the bounded form defined by the rank 3-/V operator F 2 := — Ylj=i 
2P V > v , + P v . V ,A. This, together with |2] Thm. 7.2.9 & Thm. 7.2.13] and the proof of 
point (a), implies that H is of class C 2 [A) and that H satisfies a strict Mourre estimate 
on R \ (Tp P (_ff). It follows by BTl Thm. 01] (which applies to operators without spec- 
tral gap) that the map z i— > (H — z)^ 1 G Jff*) extends to a weak* continuous 
function on C± U {R \ a pp (H)}. In particular, H has no singularly continuous spectrum 
in R \ CTpp(iJ). Since continuous Borel measures on R have no pure points |f37] p. 22] 
and since a pp (H) is finite by point (a), we even get that H has no singularly continuous 
spectrum at all. 

(c) Since T belongs to 3B{V{H), W(R)) and T*H(R) C H S (R) C JT, the claim 
is a consequence of |2, Prop. 7.1.3.(b)] and the discussion that follows. □ 

We now study the differentiability of the function x ^ S(x), which relies on the 
differentiability of the boundary values of the resolvent of H. 
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Lemma 5.10. Let H satisfy Assumption \5.8\ with [i > n + lfor some integer n > 1. Let 

I C {R \ <7p P (H )} £>e a relatively compact interval, and take s > n — 1/2. Then for each 
x £ I the limits 

R n (x ± iO) := lim(i? - a; T 

exist in the norm topology of S3 (Ti. s (R) , 7i _s (R)) anc/ are Holder continuous. Further- 
more x i — y R(x ± iO) times (Holder continuously) differentiable as a map from I 
to.38(H s {M.)M~ s {M.)),and 

-^^■Rix ± iO) = (n - l)!iT(x ± iO). 

Proof. The claims follow from l25l Thm. 2.2.(iii)] applied to our situation. We only have 
to verify the hypotheses of that theorem, namely that H is ?i-smooth with respect to 
A = —P in the sense of l25l Def. 2.1]. This is done in points (a), (b), (c n ), (d n ), and 
(e) that follow. 

(a) V{A) n V{H) D y is a core for H. 

(b) Let ip G Hi (ffi) and 6l, Then one has 

II ^ p|| Wl(R) = || (Q + ^) p|| < || (Q + 9) (Q)- 1 \\-M HlW < 2- 1 / 2 (2+\0\) 1/2 Mh 1 
In particular, e l6A maps V(H) into T>(H), and sup| e | <:L e i6,A <p|| < oo for each <p £ 

(c n )-(d n ) Due to the proof Lemma l5T9l (a) the quadratic form 

V(A) n V{H) (.H>, iAv?) - (A^, iff y») 

extends uniquely to the bounded form defined by the operator iB\ := 1 + Fi, where 
F\ = Y^j=x {Pv'. ,vj + Pvj ,v'. ) ■ Similarly for j = 2, 3, . . . , n + 1 the quadratic form 

V{A)C\V(H) 3 <p >-> ((iBj^y^iAtp) - (Atp^iB^tp) 

extends uniquely to a bounded form defined by an operator iBj := Fj, where Fj is a 
linear combination of the rank one operators P v u-k) v w , k = 0, 1, . . . , j. 

(e) Due to the proof Lemma l5?9l (a). H satisfies a Mourre estimate on R. □ 

For m = 1, 2, . . . , TV let V m := YJj=i -Ni-^ and H ™ ■= Ho + V m . Then it is 
known that the scattering matrix S(x) factorizes for a.e. x £ R as ll50l Eq. (8.4.2)] 

S(x) = S^(x)---S 2 (x)S 1 (x), (5.9) 

where S m (x) is unitarily equivalent to the scattering matrix S m (x) associated with the 
pair {H m , H m _i }. Since the difference H m — H m -i is of rank one, one can even obtain 
an explicit expression for S m (x) (see 11501 Eq. (6.7.9)]). For instance one has the following 
simple formula for Si(x) ES Eq. (8.4.1)], HSJ Eq. (66a)] 

1 + XiF(x - j0) 
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where 

F(x ± iO) := lira (H -x^p ie)~ 1 vi) . 

Clearly Formula ( 15.91 ) is not very convenient for studying the differentiability of the func- 
tion x i— ► S(x). This is why we prove the usual formula for S(x) in the next lemma. 

Given r G R, we let 7(r) : =5^(R) — > C be the restriction operator defined by 
7(r)(p := ip(r). Some of the regularity properties of 7(7-) are collected in the appendix. 
Here we only recall that 7(7") extends uniquely to an element of £$(H S (R), C) for each 
s > 1/2. 

Lemma 5.11. Let H satisfy Assumption \5.8\ with [i > 2. Then for each x € R \ a pp {H) 
one has the equality 

S(x) = 1 - 27ri 7 (V)[l - VR(x + iO)]V7(a;)*. (5.10) 

Proof. The claim is a consequence of the stationary method for trace class perturbations 
iTSOl Thm. 7.6.4] applied to the pair {H ,H}. 

The perturbation V can be written as a product V = G*Gq, with G := Y^jLi ^j^v, 

and Go := S^=i Since the operators G and Go are selfadjoint and belong to the 
Hilbert-Schmidt class, all the hypotheses of (50] Thm. 7.6.4] (and thus of (50] Thm. 
5.7.1]) are trivially satisfied. Therefore one has for a.e. iff the equality 

S(x) = 1 - 2Tri~f(x)G[l - B(x + iO)]Goj(x)* , (5.11) 
where B(x + iO) is the norm limit defined by the condition 

lim \\G (H - x - iey 1 G - B(x + i0)\\ =0. 

On another hand we know from Lemma IB .101 that the limit R(x + iO) exists in the norm 
topology of @(H S (M),H- S {R)) for each x 6 R \ a pp {H) and each s > 1/2. Since we 
also have G , G e ^(ft-^(R), 7r^(R)), we get the identity B(x+i0) = G R(x+i0)G. 
This together with Formula (15. lib implies the claim. □ 

We are in a position to show the differentiability of the scattering matrix. 

Lemma 5.12. Let H satisfy Assumption \5.8\ with /i > n+ 1 for some integer n > 1. Then 
x 1 — ► S(x) is n — 1 times (Holder continuously) diffe rent iable from R \ a pp (H) to C. 

Proof. Due to Formula ( 15.10b it is sufficient to prove that the terms 

A(x) := (&7(*))V(^7(*)*) 

and 

B(x) ■■= {-^l{x))V{^R{x + iQ))V{^{xf) 
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exist and are locally Holder continuous on K \ <t pp (H) for all non-negative integers 
ii,^2, £3 satisfying l\ + £2 + ^3 < n — 1. The factors in B(x) satisfy 

e ^(C,H- S3 (K)) for s 3 > h + 1/2, 
V e^(H- S3 {R) 7 H s ' 2 {R)) for S2 ,s 3 e [0,/x], 

(|^i?(x- + iO)) G ^(^ S2 (M),H- S2 (M)) for s 2 > £2 + 1/2, 
l/6f(r S! (M),H Sl (M)) forsi,s 2 e [0,p], 
i^k-Yix)) e^(H Sl (M),C) for Sl > £ x + 1/2, 

and are locally Holder continuous due to Lemma B.lOl and Lemma B. 151 Therefore if the 
Sj's above are chosen so that Sj G (lj + 1/2, p] for j = 1, 2, 3, then B(x) is finite and 
locally Holder continuous on R\cr pp (JJ). Since similar arguments apply to the term A(x), 
the claim is proved. □ 



Lemma 5.13. Let H satisfy Assumption \5.8\ with p > 2. Then one has for each ip G 

H S (WL), s>2, 

\\(W- - l)e- itHo tp\\ g L^R-.di) (5.12) 

and 

\\(W + -l)eT* tHo (p\\ GL^R+.di). (5.13) 



Proof. For ip G Tt s (M) and t G M., we have (see e.g. the proof of l24l Lemma 4.6]) 

(W- - 1) e- itffo ip=-i e~ itH j dr e lTff V e~ lTHo <p, 

J —00 



where the integral is strongly convergent. Hence to prove ( 15.121 it is enough to show that 

-8 p-t 

dt dT\\Ve- irHo p\\ < 00 (5.14) 



for some S > 0. Let £ := min{^t, s}, then || (P)^ <p\\ and II V (P)^ || are finite by hypoth- 
esis. If |r| is big enough, it follows by ( 15.2b that 

\\Ve- iTHa tp\\ < Const. || (P)~ C c~ itQ (P)~ c \\ = Const. || (P-t)~ C (P)~ C || 

< Const. \t\- c . 

Since C > 2, this implies (15.14b . and thus (15.12b . The proof of (15.13b is similar. □ 



In the next theorem we prove Formula ( 15.61 ) for Hamiltonians H satisfying Assump- 
tion EU with pi > 5. 

Theorem 5.14. Let f > satisfy Assumption \5.2\ and let H satisfy Assumption \5. 8\ with 
/i > 5. Then one has for each tp G ^ 3 (K) the identity 



lim T ; n (<p) = lim T r (cp) = -i / dec | <p(x) \ 2 S(x)S'(x) 
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Proof. Let ip e 3> 3 (M). Then Sip € ^ 3 (R) by Lemma 15121 and conditions (l4~2l-d43T> 
are verified by Lemma l5.13l Therefore all the hypotheses of Theorem l5 .4l and Remark fBTol 
are satisfied, and so the claim is proved. □ 
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Appendix 

We collect in this appendix some facts on the restriction operator 7(7) of Lemma [5.1 II 
We consider the general case with configurations space R d , d > 1. 

Given r e R, we let 7(7-) : ^(R d ) — > L 2 (R d_1 ) be the restriction operator defined 
by j(r)(p := tp(r, •). We know from [27J Thm. 2.4.2] that 7(7) extends uniquely to 
an element of 3§(U s {M. d ), L 2 (R d_1 )) for each s > 1/2. Furthermore 7(7-) is Holder 
continuous in t with respect to the operator norm, namely for all r, r' € R there exists a 
constant C such that 

if s € 

if s = I and |t - r'| < |, 
if s > |. 

(5.15) 

Lemma 5.15. Let s > fc + i w/f/2 fc > integer. Then 7 is fc rimei (Holder continuously) 
differentiable as a map from R to ^(W s (R rf ), L^R^ 1 )). 

Proof. We adapt the proof of 124, Lemma 3.3]. Consider first s > k + | with fc = 1. The 
obvious guess for the derivative at r of 7 is (D7)(r) := 7(t)9i, where d\ stands for the 
partial derivative w.r.t. the first variable. Thus one has for tp G y{R d ) and i e 1 with 
|<5| €(0,1/2) 

{ 1 [ 7 ( T + S) - 7 (r)] - (D 7 )(r)}^ = J d£[(d 1(/ ,)(r + £,.)- (^)(r, •)] ■ 

Jo 



_ r '|s-l/2 

|7W-7(r')|| a(w . (Hd)iLa(R< ,- 1)) <C^ [r-T'l-IInl 



T — T \ 

\t-t' 

T — T'\ 



Finally 7(7*) has the following differentiability property. 
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In particular, using the first (and thus the most pessimistic) bound in ( 15.15b . we get 

||{J[7(r + «)-7(r)]-(D 7 )(r)}v>|| La(Rd _ 1) 
r\s\ 

^ FI / d £||($i , P)( T + s g ri ( < % ') - i d w)( T , OHls^-i) 

< \\ditp\\ n .-i(ud) y d^||7(r + sgn(5)^) -7(r)||^ (Ws -i (R d )jL 2 (R d-i )) 

< Const. I^IIwmk^w/' 5 '^!^" 372 

< Const. ||^|| ws(Kd) |5| s - 3 / 2 . 

Since J^(]R d ) is dense in W s (M d ) and D 7 : E -> ^(H s (M d ), L 2 (R d_1 )) is Holder 
continuous, this proves the result for k = 1. The result for A; > 1 follows then easily by 
using the expression for (D^)(t). □ 
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